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1. INTRODUCTION 
Let A(n) denote the class of functions f(z) of the form 
f(z) = z- Z a~zk, 
k=n+l  
which are analytic in the open unit disk 
/d={z :zECand lz [  <1}.  
Following [1,2], we define the (n, 5)-neighborhood f a function 
(ak > 0; n e N := {1,2, 3, . . .  }),  (1.1) 
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f(z) E A(n) by 
N~,5(f):= ge.A(n) :g (z )=z-  E bkzk and E klak-bkl<=6 . (1.2) 
k=n+l  k=n+l  
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In particular, for the identity function 
we immediately have 
e(z)=z, (1.3) 
{ } Nn,a(e):= g•A(n) :g (z )=z-  bkz k and klbk] <_6 . (1.4) 
k=n+l k=n+l 
The main object of the present paper is to investigate the (n, 6)-neighborhoods of the following 
subclasses of the class A(n) of normalized analytic functions in/d with negative coefficients. 
A function f(z) • A(n) is said to be starlike of complex order "7 (7 • C \ {0}), that is, f • 
8"(~), if it also satisfies the inequality 
+1 (zf ' (z)  1)}>0,  
Re {1 ~ \ f(z) (z • u; ~ • c \ (0}). (1.5) 
Furthermore, a function f(z) • .A(n) is said to be convex of complex order 7 (~ • C \ {0}), that 
is, f • Cn('y), if it also satisfies the inequality 
Re{l+ l zf"(z) } f'(z) > 0, (z • U; ~ • C \ {0}). (1.6) 
The classes 8~('r) and Cn('r) stem essentially from the classes of starlike and convex functions of 
complex order, which were considered earlier by Nasr and Aouf [3] and Wiatrowski [4], respec- 
tively, (see also [5,6]). 
Finally, let Sn(% A,;3) denote the subclass of .A(n) consisting of functions f(z) which satisfy 
the inequality 
\~zS-Y~ :~ ~-  iSKz) (1.r) 
(z •/4; ~, • C\{0}; 0 _< A <: 1; 0 < ;3 =< 1). 
Also let 7~n('r, A,;3) denote the subclass of A(n) consisting of functions f(z) which satisfy the 
inequality 
{f'(z) + Azf"(z) - 1} < ;3, 
(1.s) 
(z • u; ~ • c \ (0}; 0 < ~ _< 1; 0 < ;3 < 1). 
Various further subclasses of the classes Sn(3', A, 13) and 7~n(3', A, ;3) with ~, -- 1 were studied in 
many earlier works (cf., e.g., [7,8]; see also the references cited in these earlier works). Clearly, 
we have 
8n(%0,1) C 8"(~,) and T~n(%0,1) cCn('Y), (1.9) 
(n e N; e • c \ {0}). 
2. A SET  OF  INCLUSION RELAT IONS INVOLVING Nn,5(e )
In our investigation of the inclusion relations involving Nn,a(e), we shall require Lemmas 1 
and 2 below. 
LEMMA 1. Let the function f 6 .A(n) be defined by (1.1), then f(z) is in the class 8n(7, A,~) if 
and only if 
oo  
E {A(k - 1) + 1} (k + 8]7[ - 1) ak ~= fl[71. (2.1) 
k=n+l 
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PROOF. We first suppose that f 6 Sn(V, A,/3). Then, by appealing to condition (1.7), we readily 
get { zf'(z)+Az2f"(z) } 
Re A~_(-(--A-~(z)-I >-~1~1, (zeU), (2.2) 
or equivalently, 
- E {X(k-  1) + 1} (k - 1)a~z 
k=n+l 
Re -----~---- . . . . . . . .  * >-~31Vl ,  
z -  k~ l{A(k-  1) + 1}akz k
(z e/4),  (2.3) 
where we have made use of definition (1.1). 
Now choose values of z on the real axis and let z --~ 1- through real values. Then inequal- 
ity (2.3) immediately yields the desired condition (2.1). 
Conversely, by applying hypothesis (2.1) and letting ]z] = 1, we find that 
zf'(z) + Az2ftt(z) 1 
; - = 
oo 
E 
k=n+l  
{A(k- 1) + 1} (k -  1)akz k 
z -  E {x(k -  1) + 1}akzk 
k=n+l  
~1~1 1 - - 1) + 1} ak 
< k=n+l  
oo 
1-  E {~(k -1)+ l}ak  
k=n+l  
-<_ Zl~l. 
(2.4) 
Hence, by the maximum modulus theorem, we have 
f E Sn(% A,~), 
which evidently completes the proof of Lemma 1. 
Similarly, we can prove the following. 
LEMMA 2. Let the function f 6 A(n) be defined by (1.I), then f(z) is in the class TLn(V, A, 8) if 
and only if 
oo 
E k{A(k-  1) + 1}ak -<_ ~[71. (2.5) 
k----n+l 
REMARK 1. A special case of Lemma 1 when 
7=1 and ~=l -a ,  (0<a<l )  
was given earlier by Altinta~ [7, p. 489, Theorem 1]. 
Our first inclusion relation involving Nn,~(e) is given by the following. 
THEOREM 1. Let 
then 
= (n + 1)~1~1 (1~1 < 1), (2.6) 
()~n + 1)(~ + ~IGI) '  
&(~,~,~) c N,~,~(e). (2.~') 
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PROOF. For f • S,~('r, A,/~), Lemma 1 immediately yields 
CO 
(An 4- 1)(n +/~1~1) ~ ak _-< ZI~I, 
k=n+l 
so that 
E ak < (An + 1)(n + ZI~I)" 
k=n+l 
On the other hand, we also find from (2.1) and (2.8) that 
(2.8) 
(90  (X)  
(An + 1) E kak <- ~'1'~1 + (1 - Zh'I)(An + 1) E ak 
k=n+l k=n+l 
~l'rl 
---- ~1~1 + (1 - ~l'~l)(An + 1) (An + 1)(n + ~bl )  
< (n + 1)~1~1 
= n + ~1"11 ' (hi < 1), 
that is, 
oo (n + 1)/~1")' I = 6, 
kak < (An + 1)(n + Zl;I) k=n+l 
which, in view of definition (1.4), proves Theorem 1. 
By similarly, applying Lemma 2 instead of Lemma 1, we can prove the following. 
THEOREM 2. Let 
then 
l n+ l '  
n~(~, A, 8) c N~,~(e). 
(2.9) 
(2.1o) 
(2.11) 
REMARK 2. A special case of Theorem 1 when 
7=l -a ,  (0<a<l ) ,  A=0,  and 8 - -1  (2.12) 
was proven recently by Altinta~ and Own [9, p. 798, Theorem 2.1]. 
3. NEIGHBORHOODS FOR THE 
CLASSES Sn(a) (% A, /3) AND 7Z(a) (% A, /3) 
In this section, we determine the neighborhood for each of the classes 
'S(a) (7, A, fl) and T~(n ~) (7, A,/3), 
which we define as follows. A function f • A(n) is said to be in the class S(=)(7, A, 13 ) if there 
exists a function g • Sn(7, A, j3) such that 
f(z) 1 (z • L/; 0 < 1) (3.1) g - -~-  < l -a ,  =a< . 
Analogously, a function f 6.4(n) is said to be in the class 7Z(n~)(7, A /9) if there exists a function 
g E 7Zn(7, A,/9) such that inequality (3.1) holds true. 
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THEOREM 3. / fg  • S~(7, A, fl ) and 
o~=1-  
then 
PROOF. 
(An+l)(n+Sbl)5 
n(n + 1) {A(n + ZI~I) + 1}' 
Suppose that  f • N~,5(g). We then find from definition (1.2) that  
oo 
klak - bkl =< 5, 
k=n + l 
which readily implies the coefficient inequality 
5 
lak - bkl < ~ (n • N). 
= n+l '  k=n+l 
Next, since g • &~(7, A, B), we have [cf. equation (2.8)] 
so that  
E bk -_< (An + 1)(n + ~['TI)' 
k=n+l  
(3.2) 
(3.3) 
(3.4) 
(3.5) 
(3.6) 
f ( z )  _ 1 < 
E lak- bkl 
k=n+l  
] -  ~b~ 
k=n+l  
(An + 1)(n + ZI'~I) 
n + 1 n {A(n + ZI'~I) + 1} 
= l -a ,  
(3.7) 
provided that  a is given precisely by (3.2). 
by (3.2), which evidently completes our proof of Theorem 3. 
Our proof of Theorem 4 below is much akin to that  of Theorem 3. 
THEOREM 4. I f  g • ~n(%A,f~)  and 
o~- -1 -  
then 
Thus, by definition, f • 8~(~)(7 , A, ~) for a given 
(An+l)5 
(n+l ) (An+ 1) -ZlGI' 
N~,~(g) c n(:)(~, A, Z). 
(3.s) 
(3.9) 
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